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Multicenter electron-repulsion integrals are calculated using auxiliary functions
and two kinds of translation formulas for Slater-type orbitals (STOs) obtained from
the expansion of STOs, in terms of exponential-type orbitals at a displaced center,
that form complete orthonormal sets and are represented by linear combinations of
STOs. The convergence of the series for real STOs is tested by calculating concrete
cases. Accuracy ofthe results is quite high for quantum numbers, screening constants,
and location of STOs. (© 2001 Elsevier Science
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1. INTRODUCTION

It is well-known that multicenter molecular integrals, appearing in the mathematical €
pressions of physical and chemical properties of molecules, are evaluated by using two t
of orbitals: Gaussian-type orbitals (GTOs) and exponential-type orbitals (ETOs). GTOs
not allow sufficient representation of important properties of the electronic wavefunctic
namely, the cusps atthe nuclei [1] and exponential decay at large distances [2]. For probl
in which the long part of the wavefunction or its behavier in the neighborhood of the nucle
important, it is desirable to use ETOs, which describe the physical situation more accura
than do GTOs. Therefore GTOs are inferior to ETOs in the study of molecular properti
However, the difficulties in calculating multicenter molecular integrals has restricted the (
of ETOs in quantum chemistry. As shown in the literature, there is renewed interestin de
oping efficient methods for calculating molecular integrals by employing ETOs as basis <
(see, e.g., Refs. [3, 4] and the bibliographies quoted in these papers). It is well-known
arbitrary ETOs can be represented by a linear combination of Slater-type orbitals (ST
[5]. Therefore, the STOs not only arise in their own right in the study of molecular systen
they are also central to the calculation of the multicenter molecular integrals over arbitr
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ETOs based on the expansions of orbitals at a displaced center [6—12]. Probably, this
the reason why multicenter integrals over STOs have been examined thoroughly in
literature.

Recently, one of us [13] derived the different expansion formulas for translation of ST
using so-called lambda and Coulomb Sturmian ETOs (LETOs and CETOSs), which w
introduced into atomic and molecular calculations in Refs. [14—-16] and [17], respectivi
(see also Refs. [18-21]). In Ref. [22] we examined the applicability of these translati
formulas to the multicenter electron-repulsion integrals using auxiliary functions. Howev
in Ref. [22] the auxiliary functions

oo 1

ns(P, pt) = //(uv)q(u + )" —v)*e PP dpdy (6N

1 -1
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Gcins( pas p? pt)
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were all calculated from the recurrence relations, which are particularly unsuited to nun
ical computations for small values of parametpgsand pt, because of a serious loss of
significant figures in each upward recurrence step. ldgre 0, p > 0, —p < pt < p,and
the indices, s, andq are all non-negative integers.

In the present paper the series expansion formulas are derived for the auxiliary funct
QY. andG? ., which can be used for parameters of small values, at the same time avoic
the excessive loss of significant figures occurring in the method developed in Ref. [
for the physically important case of smad} and pt. The multicenter electron-repulsion
integrals for parameters of arbitrary values are calculated using recurrence relations
series expansion formulas for auxiliary functiog, andG? .

The multicenter electron-repulsion integrals over STOs with respect to the molect
coordinate system examined in the present work have the form

1
o op, (610 615 €2, €3) = / K61 Fa) Xy (85 Ter) oG Ta2) X 62 To) AVAD VG,

®3)

wherep, = nilim;, pi=nl/m;, rgi=r; — Ry (i =1,2andg = a, b, ¢, d), and xnim(¢, 1)
are the normalized real or complex STOs determined by

Xaim(£. 1) = (20" [ 2"l S (0, ). @
Here the spherical harmoni&, are determined by the relation [23]

Sm(99 90) = Pl|m|(0059)q>m(§0)a (5)
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whereR |, are normalized associated Legendre functions. For complex spherical harmor
Sm(@, ¢) = Yim(©, ¢)

1 .
Dmlp) = \/—Ee'm(p, (6)

and for real spherical harmonics

O () = 1 cosiml¢p form=> 0 @
m) = T T dmo) sinjml¢ form<0 "

We notice that our definition of phases for complex spherical harmonics differs from t
Condon-Shortley phases [24] by the sign factor. We use phases according to Ref. |

m@,0) =Y1_m(0, ¢).

2. CALCULATION OF MULTICENTER ELECTRON-REPULSION INTEGRALS

In order to calculate multicenter electron-repulsion integrals, we use in Eq. (3) the tran:
tion formulas for the STOs obtained using LETOs and CETOs inthe form (see Egs. (18)—(
in Ref. [13])

N n=1 I’
anm({ ra)_ Ilm ZZ Z nlmnlm’(gv g/’ R)Xn’l’m’(f/»rb)a (8)

n =11'=0 m'=—I"

whereR = R,p and the translation coefficients" are determined as follows. For LETOs,

Vaim i (6, ¢/s R) = Z e (N) Sumrm (€. 2 R), 9)
n"=l"'+1
N
Q(N) = Z OpynOryic (10)
n’=max(n,k)
opy = (D" Ry (=1 = DFy 1) Py + 1+ DY (11)
For CETOs,
Vol (€. ¢ R) = Z Qe (N Simw—wm (€. ¢, R), (12)
n=l'+1
| 2 1/2 N o
Q (N):{i] Ny, 13
nk 2(2k—1) n,:%n’k) n"n®nk ( )
L [+ , 12
wpy = ()" [ZnFn/_._l(n—l —DFy_ 1@ Fyu(n+h| . (14)
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Here the quantitie§,im ' are the overlap integrals over the normalized STOs:

Sﬂm,n’l’m’(é" C/Q R) = /X:|m(§» ra)Xn’I’m’(C/s rp)dv. (15)

Now we take into account Eq. (8) for= ¢’ in Eq. (3). Then, using the auxiliary function
method (see Ref. [22]) itis easy to obtain for all multicenter electron-repulsion integrals, t
is, for three-center hybrid and two-, three-, and four-center exchange integrals, the follow
relations in terms of basic two-center Coulomb and hybrid integrals. For, three-center hyl
integrals,

N’ |’

n-1
ooy (61 815 €2, €)= Z Z W, pp(61. 61, 2) Jim ZZ Z Wit o

1=0 m=-I =0m'=-I"

X (2, £5, Z; Rab, 0)Cpp(Z, Z; Rap). (16)
For two-center (foc = b) and three-center (far = b) exchange integrals,

N n-1

b
I;fp? [ (glv gla ;27 ;2) = Ilm Z ; Zl plp’lp(;ls ;]/_9 Z; Rcas O)przp’z(z3 ;27 {2/7 Rab)~
n=1 m=—
17)
For four-center integrals,
db ’ /
N1 n-1
= lim ZZ Z W, 561, ¢4, Z Rea, 0)
Ni N o0 T
Nz n-1 |
X Z Z Z szp p §2a é‘év Zlv Rdb1 O)Cpp' (Zv Z/, Rab)- (18)
=0m'=-1"

Herep =nlm, p’ = n'lI'm’, z= {1 + ¢j,andz’ = {; + ¢. The quantitie€py, Hpp,p,, and
WN are the basic two-center Coulomb and hybrid integrals and the two-center chat
density expansion coefficients, respectively (see Refs. [22, 26]):

1 1
Cpp(z.Z; Rap) = — /x;;(z, Fa1) — Xp(Z, rp2) dVidVa, (19)
4 o1

/ 1 1 /
przp/z(zv §27 ;27 Rab) = ﬁ X;(Zv ral)asz(CZa raZ)Xp’z(é‘zv rbz) dVldVZ’ (20)

n-1 I
ng’lp(gl» gj/_v Z, Rcas O) = Z Z Wplp’p(é‘ls ;]/_s Z)VpNip’(gj/_v gj/_v Rca)s (21)
I’=0 m'=—I"
W':')\]‘_p&p(;lv é‘]’_a Za Oa 0) = SNnSn,nl-&-n’l—lelp’lp(Cla ;],_’ Z) (22)

See Eq. (16) in Ref. [26] for the exact definition of the one-center charge-density expan:
coefficientsW appearing in Egs. (16), (21), and (22).
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From Egs. (16)—(18) it can be seen that all the multicenter electron-repulsion integt
are expressed through the basic two-center Coulomb or hybrid integrals and the two-ce
expansion coefficients for charge-density, which are represented in terms of auxiliary fu
tions and translation coefficients, respectively, for STOs.

Now we can move on to the derivation of series expansion formulas for the auxilic
functions Q¥.(p, pt) and GY, <(Pa, p, pt) for small values of parameteys, and pt. In
these cases, only infinite-form expressions for auxiliary functions had to be derived, wh
can be obtained easily from the series expansion [23]:

-k
X = kz ( k)!() . 23)
=0

Taking into account (23) in Egs. (1) and (2), we finally obtain the following serie
expansion formulas:

00 (— pt)k n+n’ 1+ (_1)q+k+s
q _ ’
Qly(p, pt) = g o ; Gikrsil Fo(n. 1) Ansrrsqos(P).  (24)
GY W G- S 25
@ (Pa. P, pt)—Z(n_l)!k!(nJrk)anf(p, pt). (25)

k=0

For the derivation of Eq. (25) we have taken into account the relation

1 n-1 NG 00 (—X)k
xn<1_e Sz:;s!>:§(n—1)!k!(n+k)' (26)

3. NUMERICAL RESULTS AND DISCUSSION

As can be seen from Egs. (16)—(18), the two-center basic Coulomb and hybrid ir
grals occur in the multicenter electron-repulsion integrals over STOs. For these basic
tegrals the formulas in terms of auxiliary functio@§  and GY, ., recently established in
Ref. [22], were calculated by repeated application of recurrence relations (see Egs. (-
(29) of Ref. [22]). As stated in Ref. [22], the recurrence relations for auxiliary functior
in the case of small values of parametpgsand pt become numerically unstable. On the
basis of series expansion formulas (24) and (25) we also constructed a program for €
uating the multicenter electron-repulsion integrals for small values of these paramet
Therefore, our computer programs for basic two-center Coulomb and hybrid integrals
auxiliary functions can be used in the calculation of multicenter electron-repulsion integr
for parameters of arbitrary values.

InFig. 1,forr = A’ < N — 1we presentthe convergence of the seriesin Eq. (18) obtain
using expansion coefficients (9) and (12) for translation of real STOs. Harel A’ are
upper limits of the indicesn andn, respectively. The series accuraty, = fy_1 — f;
for the four-center electron-repulsion integrals is shown in Fig. 1, where the quafftjties
are the values of integrals far= 2" = N — 1. We see that the convergence of the serie:
with respect ton andm’ is rapid; therefore, we can include only a few terms obtained fror
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FIG.1. The convergence of series in Eq. (18) as a function of the upper limits of the indiaedm’ for the
four-center electron repulsion integial; »1111211 Obtained using Egs. (9) and (12) far= 10.4,¢{; = 9.3, =
115,¢, = 8.1, Ryp = 0.032,0,, = 45, ¢pap = 150", Rea = 0.23,6¢4 = 70°, ¢pea = 180, Ry, = 0.09, 64, = 108,
andgg, = 120

the summation over indices andm’. The full and broken lines in Fig. 1 represent the
results of calculations made using Egs. (9) and (12), obtained from LETOs and CET
respectively.

The results of calculations in atomic units for the three-center hybrid, the two- and thr
center exchange, and the four-center exchange electron-repulsion integrals on a Pel
233 computer (using TURBO PASCAL 7.0 language) are represented in Tables |, II, and
respectively. The comparative values obtained from Egs. (9) and (12) with the translati
of different STOs, the number of correct decimal figutds and the central processing unit
time are shown in these tables. We see from the tables that the accuracy of computer re
for different translation formulas obtained from LETOs and CETOs and for translations
different STOs is satisfactory.

It should be noted that in all calculations, the convergence of expansion formulas
translation of STOs obtained using CETOs is faster than those obtained using LET
Therefore, it is recommended that expansion formulas for translation of STOs which
derived with the help of CETOs be used.
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