
Journal of Computational Physics174,428–437 (2001)

doi:10.1006/jcph.2001.6924, available online at http://www.idealibrary.com on

Convergence of Translation Formulas
for the Computation of Multicenter

Integrals over Slater Orbitals

I. I. Guseinov∗ and B. A. Mamedov†
∗Department of Physics, Faculty of Arts and Sciences, Onsekiz Mart University, C¸ anakkale, Turkey;
and†Department of Physics, Faculty of Arts and Sciences, Gaziosmanpa University, Tokat, Turkey

Received December 18, 2000; revised May 24, 2001

Multicenter electron-repulsion integrals are calculated using auxiliary functions
and two kinds of translation formulas for Slater-type orbitals (STOs) obtained from
the expansion of STOs, in terms of exponential-type orbitals at a displaced center,
that form complete orthonormal sets and are represented by linear combinations of
STOs. The convergence of the series for real STOs is tested by calculating concrete
cases. Accuracy of the results is quite high for quantum numbers, screening constants,
and location of STOs. c© 2001 Elsevier Science
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1. INTRODUCTION

It is well-known that multicenter molecular integrals, appearing in the mathematical ex-
pressions of physical and chemical properties of molecules, are evaluated by using two types
of orbitals: Gaussian-type orbitals (GTOs) and exponential-type orbitals (ETOs). GTOs do
not allow sufficient representation of important properties of the electronic wavefunction,
namely, the cusps at the nuclei [1] and exponential decay at large distances [2]. For problems
in which the long part of the wavefunction or its behavier in the neighborhood of the nuclei is
important, it is desirable to use ETOs, which describe the physical situation more accurately
than do GTOs. Therefore GTOs are inferior to ETOs in the study of molecular properties.
However, the difficulties in calculating multicenter molecular integrals has restricted the use
of ETOs in quantum chemistry. As shown in the literature, there is renewed interest in devel-
oping efficient methods for calculating molecular integrals by employing ETOs as basis sets
(see, e.g., Refs. [3, 4] and the bibliographies quoted in these papers). It is well-known that
arbitrary ETOs can be represented by a linear combination of Slater-type orbitals (STOs)
[5]. Therefore, the STOs not only arise in their own right in the study of molecular systems,
they are also central to the calculation of the multicenter molecular integrals over arbitrary
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ETOs based on the expansions of orbitals at a displaced center [6–12]. Probably, this was
the reason why multicenter integrals over STOs have been examined thoroughly in the
literature.

Recently, one of us [13] derived the different expansion formulas for translation of STOs
using so-called lambda and Coulomb Sturmian ETOs (LETOs and CETOs), which were
introduced into atomic and molecular calculations in Refs. [14–16] and [17], respectively
(see also Refs. [18–21]). In Ref. [22] we examined the applicability of these translation
formulas to the multicenter electron-repulsion integrals using auxiliary functions. However,
in Ref. [22] the auxiliary functions

Qq
n s(p, pt) =

∞∫
1

1∫
−1

(µν)q(µ+ ν)n(µ− ν)se−pµ−ptν dµ dν (1)

and

Gq
−ns(pa, p, pt)

=
∞∫

1

1∫
−1

(µν)q(µ− ν)s
(µ+ ν)n

(
1− e−pa(µ+ν)

n−1∑
k=0

[ pa(µ+ ν)]k

k!

)
e−pµ−ptν dµ dν (2)

were all calculated from the recurrence relations, which are particularly unsuited to numer-
ical computations for small values of parameterspa and pt, because of a serious loss of
significant figures in each upward recurrence step. Herepa > 0, p > 0,−p ≤ pt ≤ p, and
the indicesn, s, andq are all non-negative integers.

In the present paper the series expansion formulas are derived for the auxiliary functions
Qq

ns andGq
−ns, which can be used for parameters of small values, at the same time avoiding

the excessive loss of significant figures occurring in the method developed in Ref. [22]
for the physically important case of smallpa and pt. The multicenter electron-repulsion
integrals for parameters of arbitrary values are calculated using recurrence relations and
series expansion formulas for auxiliary functionsQq

ns andGq
−ns.

The multicenter electron-repulsion integrals over STOs with respect to the molecular
coordinate system examined in the present work have the form

I ac;db
p1 p′1;p2 p′2

(ζ1, ζ
′
1; ζ2, ζ

′
2) =

∫
χ∗p1
(ζ1, ra1)χp′1(ζ

′
1, r c1)

1

r21
χp2(ζ2, rd2)χ

∗
p′2
(ζ ′2, rb2) dV1 dV2,

(3)

wherepi ≡ ni l i mi , p′i ≡ n′i l
′
i m
′
i , r gi=r i − Rg (i = 1, 2 andg = a, b, c, d), andχnlm(ζ, r)

are the normalized real or complex STOs determined by

χnlm(ζ, r) = (2ζ )n+ 1
2 [(2n)!]−

1
2 r n−1e−ζ r Slm(θ, ϕ). (4)

Here the spherical harmonicsSlm are determined by the relation [23]

Slm(θ, ϕ) = Pl |m|(cosθ)8m(ϕ), (5)
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wherePl |m| are normalized associated Legendre functions. For complex spherical harmonics
Slm(θ, ϕ) ≡ Ylm(θ, ϕ)

8m(ϕ) = 1√
2π

eimϕ, (6)

and for real spherical harmonics

8m(ϕ) = 1√
π(1+ δmo)

{
cos|m|ϕ for m≥ 0

sin|m|ϕ for m< 0
. (7)

We notice that our definition of phases for complex spherical harmonics differs from the
Condon–Shortley phases [24] by the sign factor. We use phases according to Ref. [25]:
Y∗lm(θ, ϕ) = Yl−m(θ, ϕ).

2. CALCULATION OF MULTICENTER ELECTRON-REPULSION INTEGRALS

In order to calculate multicenter electron-repulsion integrals, we use in Eq. (3) the transla-
tion formulas for the STOs obtained using LETOs and CETOs in the form (see Eqs. (18)–(23)
in Ref. [13])

χnlm(ζ, ra) = lim
N→∞

N∑
n′=1

n′−1∑
l ′=0

l ′∑
m′=−l ′

V N∗
nlm,n′l ′m′(ζ, ζ

′;R)χn′l ′m′(ζ
′, rb), (8)

whereR = Rab and the translation coefficientsV N are determined as follows. For LETOs,

V N
nlm,n′l ′m′(ζ, ζ

′;R)=
N∑

n′′=l ′+1

Äl ′
n′n′′(N)Snlm,n′′l ′m′(ζ, ζ

′,R), (9)

Äl
nk(N)=

N∑
n′=max(n,k)

ωl
n′nω

l
n′k, (10)

ωl
nn′ = (−1)n

′−l−1[Fn′−l−1(n− l − 1)Fn′−l−1(2n′)Fn′+l+1(n+ l + 1)]1/2. (11)

For CETOs,

V N
nlm,n′l ′m′(ζ, ζ

′;R) =
N∑

n′′=l ′+1

Äl ′
n′n′′(N)Snlm,n′′−1l ′m′(ζ, ζ

′,R), (12)

Äl
nk(N) =

[
2

2(2k− 1)

]1/2 N∑
n′=max(n,k)

n′ωl
n′nω

l
n′k, (13)

ωl
nn′ = (−1)n

′−l−1

[
n′ + l + 1

2n
Fn′−l−1(n− l − 1)Fn′−l−1(2n′)Fn′+l (n+ l )

]1/2

. (14)
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Here the quantitiesSnlm,n′l ′m′ are the overlap integrals over the normalized STOs:

Snlm,n′l ′m′(ζ, ζ
′;R) =

∫
χ∗nlm(ζ, ra)χn′l ′m′(ζ

′, rb) dV. (15)

Now we take into account Eq. (8) forζ = ζ ′ in Eq. (3). Then, using the auxiliary function
method (see Ref. [22]) it is easy to obtain for all multicenter electron-repulsion integrals, that
is, for three-center hybrid and two-, three-, and four-center exchange integrals, the following
relations in terms of basic two-center Coulomb and hybrid integrals. For, three-center hybrid
integrals,

I aa;db
p1 p′1;p2 p′2

(ζ1, ζ
′
1; ζ2, ζ

′
2) =

n−1∑
l=0

l∑
m=−l

W∗p1 p′1 p(ζ1, ζ
′
1, z) lim

N ′→∞

N ′∑
n′=1

n′−1∑
l ′=0

l ′∑
m′=−l ′

WN ′
p2 p′2 p′

× (ζ2, ζ
′
2, z
′;Rdb, 0)Cpp′(z, z

′;Rab). (16)

For two-center (forc ≡ b) and three-center (forc ≡ b) exchange integrals,

I ac,ab
p1 p′1;p2 p′2

(ζ1, ζ
′
1; ζ2, ζ

′
2)= lim

N→∞

N∑
n=1

n−1∑
l=0

l∑
m=−l

W∗Np1 p′1 p(ζ1, ζ
′
1, z;Rca,0)Hpp2 p′2(z, ζ2, ζ

′
2;Rab).

(17)

For four-center integrals,

I ac,db
p1 p′1;p2 p′2

(ζ1, ζ
′
1; ζ2, ζ

′
2)

= lim
N1,N2→∞

N1∑
n=1

n−1∑
l=0

l∑
m=−l

W∗N1
p1 p′1 p(ζ1, ζ

′
1, z;Rca, 0)

×
N2∑

n′=1

n′−1∑
l ′=0

l ′∑
m′=−l ′

WN2
p2 p′2 p′

(
ζ2, ζ

′
2, z
′;Rdb, 0

)
Cpp′

(
z, z′;Rab

)
. (18)

Herep ≡ nlm, p′ ≡ n′l ′m′, z≡ ζ1+ ζ ′1, andz′ = ζ2+ ζ ′2. The quantitiesCpp′ , Hpp2 p′2, and
WN are the basic two-center Coulomb and hybrid integrals and the two-center charge-
density expansion coefficients, respectively (see Refs. [22, 26]):

Cpp′(z, z
′;Rab) = 1

4π

∫
χ∗p(z, ra1)

1

r21
χp′(z

′, rb2) dV1 dV2, (19)

Hpp2 p′2(z, ζ2, ζ
′
2;Rab) = 1√

4π

∫
χ∗p(z, ra1)

1

r21
χp2(ζ2, ra2)χp′2(ζ

′
2, rb2) dV1 dV2, (20)

WN
p1 p′1 p(ζ1, ζ

′
1, z;Rca, 0) =

n′−1∑
l ′=0

l ′∑
m′=−l ′

Wp1 p′ p(ζ1, ζ
′
1, z)V

N
p′1 p′(ζ

′
1, ζ
′
1;Rca), (21)

WN
p1 p′1 p(ζ1, ζ

′
1, z; 0, 0) = δNnδn,n1+n′1−1Wp1 p′1 p(ζ1, ζ

′
1, z). (22)

See Eq. (16) in Ref. [26] for the exact definition of the one-center charge-density expansion
coefficientsW appearing in Eqs. (16), (21), and (22).
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From Eqs. (16)–(18) it can be seen that all the multicenter electron-repulsion integrals
are expressed through the basic two-center Coulomb or hybrid integrals and the two-center
expansion coefficients for charge-density, which are represented in terms of auxiliary func-
tions and translation coefficients, respectively, for STOs.

Now we can move on to the derivation of series expansion formulas for the auxiliary
functionsQq

n s(p, pt) andGq
−n s(pa, p, pt) for small values of parameterspa and pt. In

these cases, only infinite-form expressions for auxiliary functions had to be derived, which
can be obtained easily from the series expansion [23]:

e−x =
∞∑

k=0

(−x)k

k!
. (23)

Taking into account (23) in Eqs. (1) and (2), we finally obtain the following series
expansion formulas:

Qq
n n′(p, pt) =

∞∑
k=0

(−pt)k

k!

n+n′∑
s=0

1+ (−1)q+k+s

q + k+ s+ 1
Fs(n, n

′)An+n′+q−s(p), (24)

Gq
−n n′(pa, p, pt) =

∞∑
k=0

(−1)k pn+k
a

(n− 1)!k!(n+ k)
Qq

k n′(p, pt). (25)

For the derivation of Eq. (25) we have taken into account the relation

1

xn

(
1− e−x

n−1∑
s=0

xs

s!

)
=
∞∑

k=0

(−x)k

(n− 1)!k!(n+ k)
. (26)

3. NUMERICAL RESULTS AND DISCUSSION

As can be seen from Eqs. (16)–(18), the two-center basic Coulomb and hybrid inte-
grals occur in the multicenter electron-repulsion integrals over STOs. For these basic in-
tegrals the formulas in terms of auxiliary functionsQq

n s andGq
−n s, recently established in

Ref. [22], were calculated by repeated application of recurrence relations (see Eqs. (21)–
(29) of Ref. [22]). As stated in Ref. [22], the recurrence relations for auxiliary functions
in the case of small values of parameterspa and pt become numerically unstable. On the
basis of series expansion formulas (24) and (25) we also constructed a program for eval-
uating the multicenter electron-repulsion integrals for small values of these parameters.
Therefore, our computer programs for basic two-center Coulomb and hybrid integrals and
auxiliary functions can be used in the calculation of multicenter electron-repulsion integrals
for parameters of arbitrary values.

In Fig. 1, forλ = λ′ < N − 1 we present the convergence of the series in Eq. (18) obtained
using expansion coefficients (9) and (12) for translation of real STOs. Hereλ andλ′ are
upper limits of the indicesm andm′, respectively. The series accuracy1 fλ = fN−1− fλ
for the four-center electron-repulsion integrals is shown in Fig. 1, where the quantitiesfN−1

are the values of integrals forλ = λ′ = N − 1. We see that the convergence of the series
with respect tom andm′ is rapid; therefore, we can include only a few terms obtained from
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FIG. 1. The convergence of series in Eq. (18) as a function of the upper limits of the indicesm andm′ for the
four-center electron repulsion integralI211,211,211,211 obtained using Eqs. (9) and (12) forζ1 = 10.4, ζ ′1 = 9.3, ζ2 =
11.5, ζ ′2 = 8.1, Rab = 0.032,θab = 45◦, φab = 150◦, Rca = 0.23,θca = 70◦, φca = 180◦, Rdb = 0.09,θdb = 108◦,
andφdb = 120◦.

the summation over indicesm andm′. The full and broken lines in Fig. 1 represent the
results of calculations made using Eqs. (9) and (12), obtained from LETOs and CETOs,
respectively.

The results of calculations in atomic units for the three-center hybrid, the two- and three-
center exchange, and the four-center exchange electron-repulsion integrals on a Pentium
233 computer (using TURBO PASCAL 7.0 language) are represented in Tables I, II, and III,
respectively. The comparative values obtained from Eqs. (9) and (12) with the translations
of different STOs, the number of correct decimal figures1I , and the central processing unit
time are shown in these tables. We see from the tables that the accuracy of computer results
for different translation formulas obtained from LETOs and CETOs and for translations of
different STOs is satisfactory.

It should be noted that in all calculations, the convergence of expansion formulas for
translation of STOs obtained using CETOs is faster than those obtained using LETOs.
Therefore, it is recommended that expansion formulas for translation of STOs which are
derived with the help of CETOs be used.
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